
  
Abstract— Numerical modeling of tensile cracking in quasi-

brittle materials is one of the important topics in computational 
failure mechanics. In order to have a realistic analysis of failure in a 
structure, it is necessary to find the location and initiation time of 
damage and the way damage is transformed into a macro crack. In 
this study, the XFEM technique is applied for modeling crack 
propagation in quasi-brittle fracture using the elastic-damage model. 
First, a continuous elastic-damage analysis is carried out. When the 
criterion of crack initiation is satisfied, a crack is introduced in the 
element by the extended finite element technique. Finally, in order to 
demonstrate the capabilities of the proposed method, a mixed mode 
beam test is simulated. 
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I. INTRODUCTION 
RACKING analysis of structures has been a big challenge 
for the researchers in the field of computational 

mechanics. In order to have a correct analysis of cracking, it is 
required to know the location and initiation time of damage in 
structures as well as the way damage is transformed into a 
macro crack. A full analysis of the failure process by the 
continuum damage mechanics theory can be performed in two 
steps. The first step is a continuous solution of the domain to 
anticipate creation of the crack, and the second step is the 
discontinuous solution of the cracked domain. 

The first step of continuous solution of the domain is based 
on the softening behavior of material. In fact, the behavior of 
many quasi-brittle materials is such that micro cracks are 
spread in a small region which is called the fracture process 
zones. In this region, the strain and damage are concentrated. 
The size of this region depends on the size and spacing of 
heterogeneities in the structure. By increasing the amount of 
loading, generated micro cracks propagate in this region and 
coalescence of the micro cracks leads to the formation of a 
discontinuity in the displacement field. 
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Numerical and theoretical models for quasi-brittle fracture 
have to provide a correct interpretation of energy dissipation in 
the fracture process zone. The numerical results usually suffer 
from a mesh dependency where the loading capacity of the 
structure varies by the size of elements. Mesh refinement may 
lead to a decrease in the dissipated energy in the numerical 
model, and in the limiting case, becomes zero when the size of 
elements approaches to zero. In order to overcome the 
challenge of mesh dependency, a number of techniques have 
already been proposed: 
1) The cohesive crack model: This model removes the mesh 

dependency by considering a discontinuity in the 
displacement field (strong discontinuity) and using the 
traction-separation law [1]. 

2) Crack band model: This model simulates the process zone 
with a band of localized strains separated from the 
neighbor points with weak discontinuities. In this model, 
the tangent of the softening curve is related to the size of 
the finite element and the fracture energy of material [2]. 

3) Nonlocal model: In this model, concentration of strain in a 
small region is prevented by defining the width of the 
process zone and distributing the strain in it. The main 
challenge of the model is defining an appropriate width 
for the process zone [3]. 

 
In this paper, the crack band model is adopted to overcome the 
mesh dependency. Also, a continuous-discontinuous model of 
cracking analysis in quasi-brittle materials is presented using 
the damage mechanics. 

II. EXTENDED FINITE ELEMENT METHOD 
The extended finite element method is a combination of 

conventional finite element method and some of the basic 
ideas of meshless methods [4], [5]. In the extended finite 
element method, first, the usual finite element mesh is 
generated without considering the existing discontinuities such 
as a crack or hole. Then, for considering the effect of 
discontinuities, some additional degrees of freedom are 
defined near the discontinuities and are associated with the 
enrichment functions obtained from the analytical solution. 
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The theoretical description of the model is presented as 
follows. 

The domain Ω  which contains a crack is considered, as 
depicted in Fig. 1. cΓ  represents the boundary of the crack, 
and tΓ  and uΓ  are the prescribed tractions tf  and 
displacement u  boundaries, respectively. 

The extended finite element method provides a more 
accurate approximation for the displacement field by adding 
new functions to the standard form of the finite element 
method. Equation (1) represents the XFEM approximation of 
the displacement field: 
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where iu  represent the degrees of freedom, iN  are the 

shape functions used in the standard form of the finite element 
method, jP  are enrichment functions and kja  are the new 

degrees of freedom. The number of enrichment functions is P  
and the number of enriched nodes is m . For inclusion of the 
discontinuity, the Heaviside function is adopted, 
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where *x  is the nearest point to x  on cΓ  and n  is the 

normal vector to cΓ  at the point *x . It can be easily observed 
that the value of the Heaviside function is positive if the 
considered point is above the crack and vice versa. 

III. ELASTIC-DAMAGE MODEL 
Damage mechanics is an appropriate method for modeling 

of micro cracks. In this paper, the constitutive model is 
considered based on the continuum damage mechanics theory. 

A. Constitutive Model 
The constitutive relation for the local form of the damage 

model is defined as: 
 

( ) ( )1 1 :d d Cσ σ ε= − = −                                (3)                        
  

where σ  is the effective stress and d  is the damage variable, 
which varies between 0 and 1. Also, ε  is the strain tensor and 
C  is the isotropic linear-elastic stiffness tensor. The 
conditions of loading-unloading for this damage model is 
defined as, 
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Where f  is the damage loading function, eqε  is the scalar 

equivalent strain and τ  is related to the maximum equivalent 
strain experienced so far by the material from the start of the 
loading. The equivalent strain( eqε ) is defined as: 

 
: :

eq
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Where E  is the Young’s modulus. It can be easily observed 

that for a one dimensional case, the equivalent strain becomes 
equal to the longitudinal strain. 

B. Definition of Strain Softening Law and Characteristic 
Length 

The strain softening law is defined as [7]: 
 

 

 
Fig. 1 Domain Ω  with an internal traction-free crack [6]. 
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where 0disH ≥  is the softening parameter which is related to 
the size of the element and the tensile fracture energy of 
material. 

In order to avoid undesired mesh dependency in materials 
with strain softening, the crack band model is adopted [2]. 
First, consider the following equation: 

 
f c Fg l G=                                (7)                        

 
where fg  is the area under the local stress-strain curve, cl  is 

the characteristic length and FG  is the tensile fracture energy 
of material which has a constant value. Based on the results of  
[8], cl  for quadrilateral elements can be defined as, 
 

2cl A=                                (8)                        
 

where A  is the area of quadrilateral element. 
 

IV. XFEM ALGORITHM OF CRACK PROPAGATION WITH 
DAMAGE 

Implementation of the extended finite element method with 
the damage mechanics approach can be performed by the 
following steps: 
1) Generate the mesh for geometry of the model and detect 

the nodes that have to be enriched.  
2) Include the effect of enrichment on approximation of the 

displacement field in the extended finite element method 
by imposing of the discontinuity to the enriched nodes. 
Then, analyze the problem based on the continuum 
damage mechanics theory. 

3) Detect the zones in which the value of damage reaches to 
its critical value ( 0.9999crd = ) and then extend the crack.  

V. NUMERICAL RESULT 
In this section, the mixed mode bending beam test is 

simulated. Fig. 2 represents the geometry of the model, 
previously tested by [9]. This problem is analyzed in the plane 
strain state. The type of loading and the geometry of the 
problem lead to the mixed mode crack propagation. This 
problem is loaded until the crack opening 0.48 mmCMOD = . 
Also the value of 0.9999crd =  is considered for the crack 
initiation. The material parameters are assumed as: Young’s 

 
 

    

 
Fig. 3 Numerical deformed shape (× 80) at the final stage and details of crack. 

 

 
 

 
Fig. 2 Mixed mode bending test. Geometry and loading condition. 
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modulus 38000 MpaE = ; tensile strength 0 3 Mpaf = ; mode 

I fracture energy 269 J mFG = ; Poisson’s ratio 0.2ν = . 
The computational domain for analysis of this problem is 

discretized by 1517 quadrilateral elements and 1575 nodes. 
Fig. 3 represents the deformed shape of the beam at the final 
stage ( 0.48 mmCMOD = ). As can be observed, the crack is 
initiated from the tip of the notch and propagates in mixed 
mode towards the top edge of the beam. 

Fig. 4 demonstrates the comparison between the crack 
tracks obtained from the proposed numerical method and the 
experimental results, which shows an excellent agreement. 

Fig. 5 represents the load-CMOD curve for the two cases of 
numerical analysis with and without macro crack propagation, 
in comparison with the experimental results. It can be 
observed that the numerical and experimental results are in a 
good agreement. Fig. 6 shows the evolution of fracture process 

 
 

 
Fig. 4 Comparison between the crack tracks obtained from the proposed numerical method and the experimental results. 

 
 

 
Fig. 5 Load P  vs CMOD for the mixed mode bending test. 
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zone, where the damage contour and traction-free discontinuity 
created in the damaged zone are presented at the final stage 
( 0.48 mmCMOD = ). 

VI. CONCLUSION 
In this research, the extended finite element method is 

applied for modeling crack propagation in quasi-brittle 
material using the elastic-damage model. For crack 
propagation, the damage variable is computed and the crack is 
propagated when the damage reaches to its critical value of 

1d = . Finally, it is demonstrated that the damage mechanics 
can provide an appropriate criterion for crack propagation in 
the framework of the extended finite element method. 
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Fig. 6 Damage distribution at the final stage and traction-free discontinuity. 
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